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Abstract. For the reactive Euler equations the analog of a shock wave is a detonation wave. 
Unlike a shock, in more than one dimension the wave speed of an underdriven diverging det- 
onation depends on the curvature of the front. This property plays an important role in the 
steady state propagation of a detonation wave in a rate stick. We relate the diameter effect and 
failure diameter to the detonation velocity as a function of curvature. The boundary condition 
which express the confinement of the rate stick is det ermined by a shock polar analysis. 
We consider the reactive Euler equations. A detonation wave corresponds to a shock. In 1-D 
the state behind the detonation front is determined algebraically from the equation of state 
of the reaction products by the Hankine-Hugoniot jump conditions. An important difference 
with shocks is that there is a minimum wave speed corresponding to an underdriven or CJ 
detonation. Moreover, the state behind a CJ detonation is sonic relative to the front and 
the wave decouples from the flow behind. In higher dimensions, there are additional differ- 
ences between an underdriven detonation wave and a shock. The flow behind a diverging 
detonation wave is supersonic relative to the front. As a result there is sonic point within 
the reaction zone. The state behind the detonation wave is not determined by the Hugoniot 
conditions. Instead there is an eigenvalue problem for the trajectory through a critical (sad- 
dle) point to determine the wave profile in the reaction zone. This depends on the reaction 
rate as well as the equation of state, see e.g., ref. [S, $5B2]. Jones [ll] has a.nalyzed the 
underdriven diverging detonation wave and found that the CJ detonation velocity D(K) is a 
function of the trace of the curvature tensor for the detonation front, K. When the equation 
of state and reaction rate of the explosive are known, D(K) may be calculated numerically 
[4,3]. As expected on physical grounds, a solution for a diverging detonation wave only 
exists below a critical curvature, i.e., 0 2 K < n,. 
An interesting example showing the importance of the curvature effect on a detonation 
wave is the rate stick experiment. A rate stick is a long cylindrical charge of explosive 
surrounded by a confining wall. For a steady propagating detonation two properties have 
been extensively measured experimentally: the diameter effect and the failure diameter, 
see e.g., [5]. The diameter effect is the axial detonation velocity as a function of charge 
radius. The largest diameter at which the detonation fails to propagate is known as the 
failure diameter. These effects were related to the equation of state and reaction rate by 
Engelke and Bdzil [7]. Their study was based on the asymptotic analysis of the reaction 
zone by Bdzil [l]. Subsequently, it was shown by Stewart and Bdzil [14] that to leading 
order the asymptotic analysis is equivalent to the detonation velocity being a function of 
curvature. Here, we relate the diameter effect and failure diameter directly to D(K) and K*. 
Furthermore, we use a shock polar analysis [6] to account for the boundary condition due 
to the confining wall. A more detailed account and discussion of the physical experiments 
is presented elsewhere [12]. 
Let T and z be the radial and axial coordinates. Suppose the explosive charge is in the 
region -R 6 r < R, where R is the charge radius. Let the detonation front be specified by 
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z = Z(r,t). We assume D(K) is a monotonic function: D(0) corresponds to the planar CJ 
detonation velocity, and D, = D(G) is the minimum detonation velocity. For a cylindrically 
symmetric 2-D surface 
K(r) = - 
a,“2 + (&Z/r)[l + Gw21~ 
[1+ (a,z>21+ * 
(1) 
An underdriven detonation is selfsustaining and the front decouples from the flow behind. In 
steady state the detonation front has the form Z(T, t) = Zc(r) + at where u is the detonation 
velocity in the axial direction, and satisfies the equation 
u = 13(/c@ + (&z)2]+ . (2) 
By symmetry about the axis, &Zc(O) = 0. Without loss of generality we may choose our 





= W(r, u) 
where W( r, 8,Z) = 8zZ is determined from Eqs. (1) and (2) as follows: First, from Eq. (2) 
n = o-‘(a[l+ u2]-*) . (4) 
Then, from Eq. (1) 
W(r, u) = --~[l + u2]* - (u/r)[l + u2]+ . (5) 
Next we discuss the boundary condition from the confining wall. We assume the viscous 
shock width is negligible compared to the length of the reaction zone. The leading singularity 
at the boundary is the wave pattern consisting of an incoming shock in the unreacted HE 
overtaking the HE-wall contact and giving rise to an outgoing transmitted shock in the 
wall. There are two cases to consider, see Fig. 1. In the terminology of front tracking [9] 
the wave patterns are degenerate diffraction nodes. The strongly confined case corresponds 
to a transmission node, no reflected wave. The weakly confined case corresponds to an 
anomalous reflection node, sonic shock with reflected rarefaction (Prandtl-Meyer fan), see 
[lo]. The wave pattern is determined by a shock polar analysis, see Fig. 2. The shock polars 
depend on the wave speed u, and the shock Hugoniots for the unreacted HE and the wall. 
The intersection of the shock polars then determines the shock strength and the turning 
angle 0 as a function of u. Finally, from the mass flow equation through an oblique shock 
we find 
L 
&Z(-R> = [(po+)2 - 111 , (6) 
where m2 = -AP/AV is the square of the msss flow through the HE shock, pc is the initial 
HE density, P is pressure, and V is specific volume. We note, in the weakly confined case 
the detonation wave is determined by the sonic point on the unreacted HE shock polar. 
Because of the extra boundary condition at the wall Eq. (3) represents an eigenvalue 
problem for each value of the parameter R. The wave speed u is the eigenvalue and the shape 
of the detonation front Zo(r) is the eigenfunction. Varying R and solving the eigenvalue 
problem determines the diameter effect, i.e., u as a function of R. The radius at failure Rf 
is determined by the condition that K(-R,) = K.. A solution to the eigenvalue problem for 
the detonation front does not e.xist for R c RI. 
There is an important approximation to recognize in this model. Namely, the asymptotic 
analysis leading to D(K) breaks down at the boundary for two reasons. First, the distance 
between the lead shock and the sonic locus decreases from the axis towards the boundary. 
Second, the tangential velocity near the boundary is no longer negligible. This is especially 
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Fig. 1. Sketch of wave patterns at boundary: A. Strongly confined 
case; B. Weakly confined case. 
Fig. 2. Sketch of shock polars for degenerate diffraction node: A. 
Transmission node; B. Anomalous reflection node. 
true in the unconfined case since at the boundary the sonic point coincides with the shock 
front and the reflected rarefaction causes a large tangential motion. However, we expect 
that these errors to be limited to a few reaction zone lengths of the boundary. When the 
failure radius is large compared to the reaction zone length, the angle of the shock front &Z 
does not vary much in the anomalous region near the boundary. Hence, only a small error 
is introduced into the determination of the detonation velocity by neglecting the boundary 
layer. The reaction zone at an inert boundary has been partially analyzed for the steady 
state case by Bdzil [l, appendix F] and analyzed for the time dependent case with a small 
resolved heat release model by Bdzil and Stewart [z]. 
Finally, as pointed out by Engelke and Bdzil [7] near the failure diameter the detonation 
is strongly effected by transverse waves and is not steady. Transverse waves arise because 
the equation for propagating a front with a curvature dependent wave speed is hyperbolic, 
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see e.g., [Is]. Shocks which are kinks in the front may arise. For detonation waves the 
kinks correspond to Mach configurations which propagate transversely along the front [S]. 
However, the analysis leading to D(n) breaks down in the vicinity of a kink. 
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